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Example
Evaluate the measure of
A =
{
(x, y) ∈ R2 | x2 + y2 ≤ 1} ∩ {(x, y) ∈ R2 | 0 ≤ y ≤ x ≤ √3 y}
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For exercise. The only difficult point is∫ √
1− x2 dx = 1
2
(
x
√
1− x2 + arcsinx
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Teorema (Euler)
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n=1
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pi2
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Dimostrazione.
Se A = [0,∞)× [0,∞) consideriamo∫∫
A
dxdy
(1 + y)(1 + x2y)
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Integriamo prima rispetto ad x e poi rispetto ad y ottenendo∫∫
A
dxdy
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Invertiamo l’ordine di integrazione:∫∫
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Uguagliando otteniamo ∫ ∞
0
lnx
x2 − 1dx =
pi2
4
. (a)
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Spezziamo il domino di integration in (a) far [0, 1] e far [1,∞) e cam-
biamo la variabile x = 1/u nel secondo integrale in modo che∫ ∞
0
lnx
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Da (a) e (b) otteniamo ∫ 1
0
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sviluppando il denominatore dell’integrando a primo membro di (c)
in serie geometrica e usando il teorema di Beppo Levi otteniamo:∫ 1
0
lnx
x2 − 1dx =
∫ 1
0
− lnx
1− x2dx =
+∞∑
n=0
∫ 1
0
(−x2n lnx) dx. (1)
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Quindi confrontando (c) e (d) otteniamo
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Daniele Ritelli: Another proof of ζ(2) =
pi2
6
using double integrals.
American Mathematical Monthly: Volume 120 (2013) 642–645
https://dl.dropboxusercontent.com/u/17052831/amer.math.monthly.
120.07.642.pdf
13/20 Pi?
22333ML232
Euler functions
Euler Gamma, Γ(z) is defined for z > 0 by:
Γ(z) =
∫ ∞
0
tz−1e−t dt
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Euler functions
Euler Gamma, Γ(z) is defined for z > 0 by:
Γ(z) =
∫ ∞
0
tz−1e−t dt
It is an improper integral, but it converges
Gamma extends the factorial since
Γ(z + 1) = z Γ(z)
and being Γ(1) = 1 if n ∈ N we have n! = Γ(n+ 1)
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Una curiosita` su Ramanujan e la funzione Gamma
∞∑
n=0
(−1)nΓ
3(n+ 1
2
)
2(n!)3
(4n+ 1) =
√
pi
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Euler Reflexion Formula
Γ(x)Γ(1− x) = pi
sinpix
for x /∈ Z
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Euler Beta Theorem If x, y > 0:
Γ(x) Γ(y)
Γ(x+ y)
=
∫ 1
0
s x−1 (1− s) y−1ds
17/20 Pi?
22333ML232
Euler Beta Theorem If x, y > 0:
Γ(x) Γ(y)
Γ(x+ y)
=
∫ 1
0
s x−1 (1− s) y−1ds
This identity can be reformulated introducing the Euler Beta function:
B(x, y) =
∫ 1
0
s x−1(1− s) y−1ds
in such a way
B(x, y) =
Γ(x) Γ(y)
Γ(x+ y)
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Proof
We start from Gamma’s definition Γ(x) =
∫ +∞
0
tx−1e−tdt then change
variable putting t = u2 so that
Γ(x) = 2
∫ +∞
0
u2x−1e−u
2
du
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0
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variable putting t = u2 so that
Γ(x) = 2
∫ +∞
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u2x−1e−u
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Γ(y) = 2
∫ +∞
0
v2y−1e−v
2
dv
Now use Fubini’s Theorem
Γ(x)Γ(y) = 4
∫∫
[0,+∞)×[0,+∞)
u2x−1v2y−1e−(u
2+v2)dudv
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Change to polar coordinateu = ρ cos ϑv = ρ sin ϑ
obtaining
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(∫ +∞
0
ρ2x+2y−1e−ρ
2
dρ
)(∫ pi/2
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To end the proof we have to show that
B(x, y) =
∫ pi/2
0
2 cos2x−1 ϑ sin2y−1 ϑ dϑ
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To end the proof we have to show that
B(x, y) =
∫ pi/2
0
2 cos2x−1 ϑ sin2y−1 ϑ dϑ
But coming back to Beta’s definition
B(x, y) =
∫ 1
0
sx−1 (1− s)y−1ds
we are done putting s = cos2 ϑ
